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Sum of masses vs. hierarchy
•Key fact: Large-scale 
structure cosmology only 
measures the sum of 
neutrino masses.

•Known mass differences:
-0.009 eV
-0.048 eV

•Minimum total mass:
-normal:   0.057 eV
-inverted: 0.105 eV 

Normal Inverted

All LSS can do is identify a 
minimal mass normal hierarchy
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Fig. 5. Evolution of the background densities from the time when T! = 1 MeV (soon after neutrino decoupling) until now, for each component of
a flat "MDM model with h = 0.7 and current density fractions #" = 0.70, #b = 0.05, #! = 0.0013 and #cdm = 1 − #" − #b − #!. The three
neutrino masses are distributed according to the Normal Hierarchy scheme (see Section 2) with m1 = 0, m2 = 0.009 eV and m3 = 0.05 eV. On the
left plot we show the densities to the power 1/4 (in eV units) as a function of the scale factor. On the right plot, we display the evolution of the
density fractions (i.e., the densities in units of the critical density). We also show on the top axis the neutrino temperature (on the left in eV, and on
the right in Kelvin units). The density of the neutrino mass states !2 and !3 is clearly enhanced once they become non-relativistic. On the left plot,
we also display the characteristic times for the end of BBN and for photon decoupling or recombination.

(2) remains small everywhere, so that the differences between true quantities and spatial averages are still small
perturbations,

gives a new set of perturbations (new equations of evolution, new initial conditions), although the physical quantities
(i.e., the total ones) are the same. This ambiguity is called the gauge freedom in the context of relativistic perturbation
theory.

Of course, using a linear perturbation theory is only possible when there exists at least one system of coordinates
in which the Universe looks approximately homogeneous. We know that this is the case at least until the time of
photon decoupling: in some reference frames, the CMB anisotropies do appear as small perturbations. It is a necessary
condition for using linear theory to be in such a frame; however, this condition is vague and leaves a lot of gauge
freedom, i.e. many possible ways to slice the spacetime into hypersurfaces of simultaneity.

We can also notice that the definition of hypersurfaces of simultaneity is not ambiguous at small distances, as long
as different observers can exchange light signals in order to synchronize their clocks. Intuitively, we see that the gauge
freedom is an infrared problem, since on very large distances (larger than the Hubble distance) the word “simultaneous”
does not have a clear meaning. The fact that the gauge ambiguity is only present on large scales emerges naturally from
the mathematical framework describing gauge transformations.

Formally, a gauge transformation is described by a quadrivector field ε$(x, t) (see e.g. Ref. [73]). When the latter
is infinitesimal, the Lorentz scalars, vectors and tensors describing the perturbations are shifted by the Lie derivative
along ε,

%A$!...(x, t) → %A$!...(x, t) + Lε[%A$!...(x, t)]. (24)

Since there are four degrees of freedom (d.o.f.) in this transformation—the four components of ε$—we see that among
the ten d.o.f. of the perturbed Einstein equation %G$! = 8&G%T$!, four represent gauge modes, and six represent
physical degrees of freedom.

In addition, it can be shown that this equation contains three decoupled sectors. In other words, when the metric and
the energy–momentum tensor are parametrized in an adequate way, the ten equations can be decomposed into three
systems independent of each other:

(1) four equations relate four scalars in the perturbed metric %g$! to four scalars in %T$!,

Densities vs. time

Presently >0.4% of 
matter density

matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157
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The current best measurements from cosmology are by the Planck cosmic microwave158

background (CMB) satellite combined with galaxy clustering baryonic acoustic oscilla-159

tion (BAO) distance scale measurements [2], and [3] from earlier CMB data combined160

with measurements of the power spectrum of absorption in quasar spectra by dark161

matter-tracing gas in the intergalactic medium (Ly↵ forest), both finding 95% confi-162

dence upper limits ⇠ 20 meV.163
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.

For masses near the lower limit, the neutrinos are relativistic at the time of CMB165

last scattering.166
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(2) remains small everywhere, so that the differences between true quantities and spatial averages are still small
perturbations,

gives a new set of perturbations (new equations of evolution, new initial conditions), although the physical quantities
(i.e., the total ones) are the same. This ambiguity is called the gauge freedom in the context of relativistic perturbation
theory.

Of course, using a linear perturbation theory is only possible when there exists at least one system of coordinates
in which the Universe looks approximately homogeneous. We know that this is the case at least until the time of
photon decoupling: in some reference frames, the CMB anisotropies do appear as small perturbations. It is a necessary
condition for using linear theory to be in such a frame; however, this condition is vague and leaves a lot of gauge
freedom, i.e. many possible ways to slice the spacetime into hypersurfaces of simultaneity.
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as different observers can exchange light signals in order to synchronize their clocks. Intuitively, we see that the gauge
freedom is an infrared problem, since on very large distances (larger than the Hubble distance) the word “simultaneous”
does not have a clear meaning. The fact that the gauge ambiguity is only present on large scales emerges naturally from
the mathematical framework describing gauge transformations.

Formally, a gauge transformation is described by a quadrivector field ε$(x, t) (see e.g. Ref. [73]). When the latter
is infinitesimal, the Lorentz scalars, vectors and tensors describing the perturbations are shifted by the Lie derivative
along ε,

%A$!...(x, t) → %A$!...(x, t) + Lε[%A$!...(x, t)]. (24)

Since there are four degrees of freedom (d.o.f.) in this transformation—the four components of ε$—we see that among
the ten d.o.f. of the perturbed Einstein equation %G$! = 8&G%T$!, four represent gauge modes, and six represent
physical degrees of freedom.

In addition, it can be shown that this equation contains three decoupled sectors. In other words, when the metric and
the energy–momentum tensor are parametrized in an adequate way, the ten equations can be decomposed into three
systems independent of each other:

(1) four equations relate four scalars in the perturbed metric %g$! to four scalars in %T$!,
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Decoupling M-R equality

CMB lss

= expansion factor

3 Statistical Measurement of the HierarchyDD116

4 Cosmology PMcD117

[PM: This is not intended to be finished.]118

4.1 Summary119

For realistically achievable precision, cosmological measurements can only determine120

the sum of neutrino masses. In the case where the hierarchy is normal with a sum of121

masses near the minimum, i.e., a sum of masses ⇠ 57 meV, decisive evidence for this122

should accumulate through the 2020’s as expected large-scale structure/gravitational123

lensing experiments including Euclid, LSST, MS-DESI(BigBOSS), etc. come online.124

However, if the sum of masses is at all above the minimum, it quickly becomes impos-125

sible to distinguish the normal from inverted hierarchy. This situation is illustrated in126

Figure 1. The minimal mass normal hierarchy is distinguishable because the minimum127

total mass in the inverted hierarchy is ⇠ 105 meV, so if for example ⇠ 60± 10 is mea-128

sured the inverted hierarchy can be ruled out, but if, e.g., ⇠ 100± 10 is measured we129

would not be able to tell the di↵erence between the two hierarchy cases. Fortunately,130

the relevant experiments are primarily motivated by dark energy studies, which have131

similar design and analysis requirements, so they will happen independent of neutrino132

science considerations.133

4.2 Introduction134

Future cosmology measurements should definitely detect the suppression of large-scale135

clustering due to the free-streaming of massive neutrinos. At late times they contribute136

to the background evolution of the Universe in the same way as cold dark matter137

(because their velocities are no longer large enough for their pressure to be significant),138

however, below their free-streaming scale structure in the neutrinos has been erased, so139

perturbations have a deficit of gravitational potential relative to what they would have140

for pure cold dark matter. Figure 2 shows the ratio of power for ⌃m⌫ = 0.105 eV to141

⌃m⌫ = 0.057 eV. Note that the suppression is largely accumulated from the past – the142

current velocities of the neutrinos shouldn’t be ignored for detailed calculations, but143

the ongoing suppression across the low redshift observable range is not the dominant144

e↵ect. Note that the fact that the massive neutrinos are missing from the radiation145

density at late times is irrelevant to the background evolution, as this radiation density146

is insignificant in any case.147

[PM: Following are basically a collection of notes that need to be organized.]148

Neutrinos with mass . 1 eV decouple while still relativistic, which means they have149

standard number density and their late-time energy density is simply this number times150

their mass [1].151

At late times and not too small masses (while you can ignore relativistic corrections152

to p = mv), v
rms

' 3173 (1+z) (0.057 eV/m⌫) km s�1 (based on temperature 1.945 K).153

The neutrinos become non-relativistic when this v
rms

⇠ c, i.e., z
nr

⇠ 94 (m⌫/0.057 eV).154

Above this redshift, the Universe was evolving as if it had slightly lower non-relativistic155
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matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157
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The current best measurements from cosmology are by the Planck cosmic microwave159

background (CMB) satellite combined with galaxy clustering baryonic acoustic oscilla-160

tion (BAO) distance scale measurements [2], and [3] from earlier CMB data combined161

with measurements of the power spectrum of absorption in quasar spectra by dark162

matter-tracing gas in the intergalactic medium (Ly↵ forest), both finding 95% confi-163

dence upper limits ⇠ 20 meV.164
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.
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Neutrino suppression of power

0.11 eV Inverted

0.11 eV Normal

matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157

The current best measurements from cosmology are by the Planck cosmic microwave158

background (CMB) satellite combined with galaxy clustering baryonic acoustic oscilla-159

tion (BAO) distance scale measurements [2], and [3] from earlier CMB data combined160

with measurements of the power spectrum of absorption in quasar spectra by dark161

matter-tracing gas in the intergalactic medium (Ly↵ forest), both finding 95% confi-162

dence upper limits ⇠ 20 meV.163
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.

For masses near the lower limit, the neutrinos are relativistic at the time of CMB165

last scattering.166

Note that measuring a sum of masses much greater than the minimum does not167

necessarily even rule out the normal hierarchy with minimal total mass of the three168

standard model neutrinos, if one is willing to consider an additional similarly light169
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• Only at z~100 does a 0.05 eV 
neutrino finally become non-
relativistic. 

• Contribute to the subsequent 
background evolution as if they 
were dark matter.

• Don’t cluster except on very 
large scales.

• Mass perturbations are 
“underweight” and don’t grow 
as fast as they would for pure 
CDM. 
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• Measure this suppression in various ways:

- Gravitational lensing of the CMB by 
foreground mass

- Lensing of galaxies

- Number of galaxy clusters

- Large-scale clustering of galaxies

Friday, April 26, 13



• Galaxy density proportional to mass density on 
large enough scales. 

• Power errors easy to estimate given volume, 
number density and bias. 

• Propagating to neutrino mass errors relatively 
straightforward but involved (angle and redshift 
dependence, include CMB, marginalize over other 
parameters).

• Dark Energy optimized surveys like BigBOSS or 
Euclid are also optimal for neutrinos. 

Galaxy clustering
JCAP03(2011)030

where x is a N-dimensional vector representing the data set, whose components xi are the
fluctuations in the galaxy density relative to the mean in N disjoint cells that cover the
three-dimensional survey volume in a fine grid. The {θi} denote the cosmological parameters
within the assumed fiducial cosmology.

In order to explore the cosmological parameter constraints from a given redshift survey,
we need to specify the measurement uncertainties of the galaxy power spectrum. In gen-
eral, the statistical error on the measurement of the galaxy power spectrum Pg(k) at a given
wave-number bin is [49]

[

∆Pg

Pg

]2

=
2(2π)2

Vsurveyk2∆k∆µ

[

1 +
1

ngPg

]2

, (2.2)

where ng is the mean number density of galaxies, Vsurvey is the comoving survey volume of
the galaxy survey, and µ is the cosine of the angle between k and the line-of-sight direction
µ = #k · r̂/k.

In general, the observed galaxy power spectrum is different from the true spectrum, and
it can be reconstructed approximately assuming a reference cosmology (which we consider
to be our fiducial cosmology) as (e.g. [50])

Pobs(kref⊥, kref‖, z) =
DA(z)2refH(z)

DA(z)2H(z)ref
Pg(kref⊥, kref‖, z) + Pshot , (2.3)

where

Pg(kref⊥, kref‖, z) = b(z)2
[

1 + β(z, k)
k2
ref‖

k2
ref⊥ + k2

ref‖

]2

× Pmatter(k, z) . (2.4)

In eq. (2.3), H(z) and DA(z) are the Hubble parameter and the angular diameter distance,
respectively, and the prefactor (DA(z)2refH(z))/(DA(z)2H(z)ref) encapsulates the geometrical
distortions due to the Alcock-Paczynski effect [50, 51]. Their values in the reference cosmology
are distinguished by the subscript ‘ref’, while those in the true cosmology have no subscript.
k⊥ and k‖ are the wave-numbers across and along the line of sight in the true cosmology,
and they are related to the wave-numbers calculated assuming the reference cosmology by
kref⊥ = k⊥DA(z)/DA(z)ref and kref‖ = k‖H(z)ref/H(z). Pshot is the unknown white shot
noise that remains even after the conventional shot noise of inverse number density has been
subtracted [50], and which could arise from galaxy clustering bias even on large scales due to
local bias [52]. In eq. (2.4), b(z) is the linear bias factor between galaxy and matter density
distributions, and β(z, k) = fg(z, k)/b(z) is the linear redshift-space distortion parameter [53],
which in the presence of massive neutrinos depends on both redshift and wave-numbers,
since in this case the linear growth rate fg(z, k) is scale dependent even at the linear level.
We estimate fg(z, k) using the fitting formula of ref. [11] (see the bottom-right panel of
figure 2). For the linear matter power spectrum Pmatter(k, z), we can encapsulate the effect of
massive neutrino free-streaming into a redshift dependent total matter linear transfer function
T (k, z) [54–56], so that Pmatter(k, z) in eq. (2.3) takes the form

Pmatter(k, z) =
8π2c4k0∆2

R(k0)

25H4
0Ω2

m
T 2(k, z)

[

G(z)

G(z = 0)

]2 (

k

k0

)ns

e−k2µ2σ2
r , (2.5)

where G(z) is the usual scale independent linear growth-factor in the absence of massive
neutrino free-streaming, i.e. for k → 0 (see eq. (25) in ref. [56]), whose fiducial value

– 5 –
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Experiments

• Planck CMB results nail down the high-z 
Universe, including contents and initial 
power spectrum.
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BigBOSS/MS-DESI

• LBL-led redshift survey

• 14000 sq. deg.

• ~20 million galaxies and quasars at z=0-3.

• 2018-2022 (at which point it may be 
possible to move the spectrograph to 
cover more area).    
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Euclid

• European led satellite with LBL members

• redshift survey and gravitational lensing 
(latter sub-dominant for neutrinos)

• 15000 sq. deg.

• ~50 million galaxies at z=0.6-2

• ~2020-2026

Friday, April 26, 13



LSST

• Ground-based imaging survey aimed at 
gravitational lensing. 

• 20000 sq. deg. 

• ~2022-2032

Friday, April 26, 13



Table 2: Potential constraints on the sum of neutrino masses, ⌃m⌫ , for the minimal pa-
rameter set. P means Planck CMB data has been included. Numbers in parentheses are
maximum k used for galaxy clustering, in units of Mpc�1. This has LSST lensing but no
Ly↵ forest. BigBOSS14 vs. 24 means 14000 or 24000 sq. deg. (after the first uses we shorten
BigBOSS to BB). From the Euclid satellite (sometimes shortened to Euc) we use only the
redshift space clustering information, not lensing.

k

max

�

⌃m⌫ �

0.05eV Year⇥
Mpc�1

⇤
[eV] Year(?)

P+BigBOSS14 0.07 0.0232 2.2 2022
P+Euclid 0.07 0.0208 2.4 2026
P+BigBOSS24 0.07 0.0192 2.6 2026
P+BB24+Euc 0.07 0.0165 3.0 2026
P+BB14+Euc+LSST 0.07 0.0142 3.5 . 2030
P+BB14 0.14 0.0142 3.5 2022
P+Euclid 0.14 0.0130 3.8 2026
P+BB24 0.14 0.0122 4.1 2026
P+BB24+Euc 0.14 0.0105 4.8 2026
P+BB24+Euc+LSST 0.14 0.0091 5.5 . 2030
WFIRST?
Euclid lensing and clusters?
CMB lensing?
21 cm intensity mapping? (fastest if it works?)

4.4 Sensitivity184

Future cosmological experiments will definitely be sensitive to the e↵ect of neutrino185

masses, in the sense that one could not ignore them in an analysis. The only question186

is whether they are sensitive enough to resolve the hierarchy.187

We perform some Fisher matrix calculations to estimate how well future experi-188

ments can constrain ⌃m⌫ . Our standard parameter set, with fiducial values, is the189

sum of neutrino masses ⌃m⌫ = 0.061 eV (generally it makes no significant di↵erence190

how the mass is distributed, as we will discuss later), the matter density, !m = 0.133,191

the baryon density, !b = 0.0227, the scalar perturbation amplitude, lnAs = �19.96,192

the scalar spectral index, ns = 0.963, the tensor to scalar ratio T/S = 0, and the opti-193

cal depth ⌧ = 0.087. Sometimes we also add curvature, ⌦k and dark energy parameters194

w

0

and w

0, or the running of the scalar spectral index, ↵s.195

There are generally other ways in which the same kind of large-scale structure/lensing196

surveys are sensitive to the neutrino mass, but they are more sensitive to astrophysical197

details and thus harder to project. For example, numbers and clustering of galaxy198

clusters [5].199
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Conclusions
• If the neutrino hierarchy is normal with 

minimal masses, cosmological large-scale 
structure measurements will almost surely 
measure this to 3-5 sigma significance by 
2026-2030. 

• With good theoretical modeling progress, it 
is possible that BigBOSS could achieve 
3+sigma by 2022 (LBL can lead all aspects 
of this).

• If the sum of masses is much above the 
minimum, cosmology will not probe the 
hierarchy.
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